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Throughout w; v and K denote the classes of all, gai and
analytic scalar valued single sequences, respectively.
We write w2 for the set of all complex sequences ðxmnÞ,
where m; n 2 N, the set of positive integers. Then, w2 is a linear
space under the coordinate wise addition and scalar
multiplication.Some initial works on double sequence spaces are found in
Bromwich [1]. Later on, they were investigated by Hardy [2],
Moricz [3], Moricz and Rhoades [4], Basarir and Solankan
[5], Tripathy [6], Turkmenoglu [7], and many others.
We procure the following sets of double sequences:
Mu tð Þ :¼ xmnð Þ2w2 :supm;n2N xmnj jtmn <1
 
;
Cp tð Þ :¼ xmnð Þ2w2 :p limm;n!1 xmn l
 tmn ¼1 for some l2Cn o;
C0p tð Þ :¼ xmnð Þ2w2 :p limm;n!1 xmnj jtmn ¼1
 
;
Lu tð Þ :¼ xmnð Þ2w2 :
X1
m¼1
X1
n¼1
xmnj jtmn <1
( )
;
Cbp tð Þ :¼Cp tð Þ
\
Mu tð ÞandC0bp tð Þ¼C0p tð Þ
\
Mu tð Þ;
where t ¼ tmnð Þ is the sequence of strictly positive reals tmn for
all m; n 2 N and p limm;n!1 denotes the limit in the
Pringsheim’s sense. In the case tmn ¼ 1 for all
l-Lacunary v2Auv -convergence of order a with p-metric 501m; n 2 N;Mu tð Þ;Cp tð Þ;C0p tð Þ;Lu tð Þ;Cbp tð Þ and C0bp tð Þ reduce to
the setsMu;Cp;C0p;Lu;Cbp and C0bp, respectively. Now, we may
summarize the knowledge given in some document related to
the double sequence spaces. Go¨khan and Colak [8,9] have
proved that Mu tð Þ and Cp tð Þ;Cbp tð Þ are complete paranormed
spaces of double sequences and gave the a; b; c duals of
the spaces Mu tð Þ and Cbp tð Þ. Quite recently, in her PhD thesis,
Zelter [10] has essentially studied both the theory of topo-
logical double sequence spaces and the theory of summability
of double sequences. Mursaleen and Edely [11] and Tripathy
[12] have independently introduced the statistical convergence
and Cauchy for double sequences and given the relation
between statistical convergent and strongly Cesaro summable
double sequences. Altay and Basar [13] have deﬁned the spaces
BS;BS tð Þ;CSp;CSbp;CSr and BV of double sequences consist-
ing of all double series whose sequence of partial sums are in
the spaces Mu;Mu tð Þ;Cp;Cbp;Cr and Lu, respectively, and also
examined some properties of those sequence spaces and deter-
mined the a duals of the spaces BS;BV;CSbp and the b #ð Þ
duals of the spaces CSbp and CSr of double series. Basar and
Sever [14] have introduced the Banach space Lq of double
sequences corresponding to the well-known space ‘q of single
sequences and examined some properties of the space Lq.
Quite recently Subramanian and Misra [15] have studied the
space v2M p; q; uð Þ of double sequences and gave some inclusion
relations.
The class of sequences which are strongly Cesaro summable
with respect to a modulus was introduced by Maddox [16] as
an extension of the deﬁnition of strongly Cesaro summable
sequences. Cannor [17] further extended this deﬁnition to a
deﬁnition of strong A summability with respect to a modulus
where A ¼ an;kð Þ is a nonnegative regular matrix and estab-
lished some connections between strong A summability,
strong A summability with respect to a modulus, and A sta-
tistical convergence. In [18] the notion of convergence of dou-
ble sequences was presented by A. Pringsheim. Also, in [19–21]
the four dimensional matrix transformation Axð Þk;‘ ¼P1
m¼1
P1
n¼1a
mn
k‘ xmn was studied extensively by Robison and
Hamilton.
We need the following inequality in the sequel of the paper.
For a; b;P 0 and 0 < p < 1, we have
ðaþ bÞp 6 ap þ bp: ð1:1Þ
The double series
P1
m;n¼1xmn is called convergent if and only if
the double sequence ðsmnÞ is convergent, where
smn ¼
Pm;n
i;j¼1xijðm; n 2 NÞ.
A sequence x ¼ ðxmnÞ is said to be double analytic if
supmn j xmnj1=mþn < 1. The vector space of all double analytic
sequences will be denoted by K2. A sequence x ¼ ðxmnÞ is called
double gai sequence if ðmþ nÞ! j xmn jð Þ1=mþn ! 0 as m; n!1.
The double gai sequences will be denoted by v2. Let
/ ¼ all finite sequencesf g.
Consider a double sequence x ¼ ðxijÞ. The ðm; nÞth section
x½m;n of the sequence is deﬁned by x½m;n ¼Pm;ni;j¼0xijIij for all
m; n 2 N; where Iij denotes the double sequence whose only
non zero term is a 1
iþjð Þ! in the i; jð Þth place for each i; j 2 N.
An FK-space(or a metric space)X is said to have AK prop-
erty if ðImnÞ is a Schauder basis for X. Or equivalently
x½m;n ! x.An FDK-space is a double sequence space endowed with a
complete metrizable; locally convex topology under which the
coordinate mappings x ¼ ðxkÞ ! ðxmnÞðm; n 2 NÞ are also
continuous.
Let M and U are mutually complementary modulus func-
tions. Then, we have:
(i) For all u; y P 0,uy 6M uð Þ þ U yð Þ; ðYoung0sinequalityÞ ½See ½22: ð1:2Þ
For all uP 0,(ii)ug uð Þ ¼M uð Þ þ U g uð Þð Þ: ð1:3Þ
For all uP 0, and 0 < k < 1,(iii)M kuð Þ 6 kM uð Þ: ð1:4ÞLindenstrauss and Tzafriri [23] used the idea of Orlicz func-
tion to construct Orlicz sequence space
‘M ¼ x 2 w :
X1
k¼1
M
xkj j
q
 
< 1; for some q > 0
( )
:
The space ‘M with the norm
xk k ¼ inf q > 0 :
X1
k¼1
M
xkj j
q
 
6 1
( )
;
becomes a Banach space which is called an Orlicz sequence
space. For M tð Þ ¼ tp 1 6 p < 1ð Þ, the spaces ‘M coincide with
the classical sequence space ‘p.
A sequence f ¼ fmnð Þ of modulus function is called a
Musielak-modulus function. A sequence g ¼ gmnð Þ deﬁned by
gmn vð Þ ¼ sup vj ju fmnð Þ uð Þ : uP 0f g;m; n ¼ 1; 2; . . .
is called the complementary function of a Musielak-modulus
function f. For a given Musielak modulus function f, the
Musielak-modulus sequence space tf is deﬁned as follows
tf ¼ x 2 w2 : If xmnj jð Þ1=mþn ! 0 as m; n!1
n o
;
where If is a convex modular deﬁned by
If xð Þ ¼
X1
m¼1
X1
n¼1
fmn xmnj jð Þ1=mþn; x ¼ xmnð Þ 2 tf:
We consider tf equipped with the Luxemburg metric
d x; yð Þ ¼ supmn inf
X1
m¼1
X1
n¼1
fmn
xmnj j1=mþn
mn
 ! !
6 1
( )
:
If X is a sequence space, we give the following deﬁnitions:
(i) X 0= the continuous dual of X;
(ii) X a¼ a¼ðamnÞ :
P1
m;n¼1 j amnxmn j<1;for each x2X
n o
;
(iii) X b ¼ a ¼ ðamnÞ :
P1
m;n¼1amnxmn is convergent; for each
n
x 2 Xg;
(iv) X c ¼ a ¼ ðamnÞ : supmn P 1 j
PM ;N
m;n¼1amnxmn j< 1; for
n
each x 2 Xg;
(v) let X be an FK  space  /; thenX f ¼ f ðImnÞ :f
f 2 X 0g;
502 M.R. Bivin et al.(vi) X d ¼ a ¼ ðamnÞ : supmn j amnxmnj1=mþn < 1; for each
n
x 2 Xg;
Xa;Xb;Xc are called a ðor K€othe ToeplitzÞdual of X;
b ðor generalized K€othe ToeplitzÞdual of X; c dual of
X; d dual of Xrespectively: Xa is deﬁned by Gupta and
Pradhan [24]. It is clear that Xa  Xb and Xa  Xc, but
Xb  Xc does not hold, since the sequence of partial sums of
a double convergent series need not to be bounded.
The notion of difference sequence spaces (for single
sequences) was introduced by Kizmaz as follows
Z Dð Þ ¼ x ¼ xkð Þ 2 w : Dxkð Þ 2 Zf g
for Z ¼ c; c0 and ‘1, where Dxk ¼ xk  xkþ1 for all k 2 N.
Here c; c0 and ‘1 denote the classes of convergent, null and
bounded scalar valued single sequences respectively. The
difference sequence space bvp of the classical space ‘p is
introduced and studied in the case 1 6 p 61 by Basar
and Altay and in the case 0 < p < 1 by Altay and Basar.
The spaces c Dð Þ; c0 Dð Þ; ‘1 Dð Þ and bvp are Banach spaces
normed bykðd1ðx11; 0Þ; . . . ; dnðxm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns ; 0ÞÞkE ¼ sup jdetðdm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns xm1 ;m2 ;...;mr ;n1 ;n2 ;...;nsð ÞÞjð Þ
¼ sup
d11 x11; 0ð Þ d12 x12; 0ð Þ    d1n x1;n1 ;n2 ;...;ns ; 0ð Þ
d21 x21; 0ð Þ d22 x22; 0ð Þ    d2n x2;n1 ;n2 ;...;ns ; 0ð Þ
:
:
:
dm1n1 xm1n1; 0ð Þ dm2n2 xm2n2; 0ð Þ . . . dm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns xm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns ; 0ð Þ


0
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CCCCCCCCAxk k ¼ x1j j þ supkP1 Dxkj j and xk kbvp
¼
X1
k¼1
xkj jp
 !1=p
; 1 6 p < 1ð Þ:
Later on the notion was further investigated by many others.
We now introduce the following difference double sequence
spaces deﬁned by
Z Dð Þ ¼ x ¼ xmnð Þ 2 w2 : Dxmnð Þ 2 Z
 
where Z ¼ K2; v2 and Dxmn ¼ xmn  xmnþ1ð Þ  xmþ1nð
xmþ1nþ1Þ ¼ xmn  xmnþ1  xmþ1n þ xmþ1nþ1 for all m; n 2 N.2. Deﬁnition and preliminaries
Let mn P 2ð Þ be an integer. A function
x : MNð Þ  MNð Þ      MNð Þ. MNð Þ m nð
factorsÞ ! R Cð Þ is called a real complex mn sequence, where
N;R and C denote the sets of natural numbers and complex
numbers respectively. Let m1;m2; . . . ;mr; n1; n2; . . . ; ns 2 N
and X be a real vector space of dimension w, where m1;m2;
. . . ;mr; n1; n2; . . . ; ns 6 w. A real valued function dpðx11; . . . ;
xm1 ;m2 ;...;mr ;n1 ;n2 ;...;nsÞ ¼ kðd1ðx11;0Þ; . . . ;dnðxm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns ;0ÞÞkp
on X satisfying the following four conditions:(i) kðd1ðx11; 0Þ; . . . ; dnðxm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns ; 0ÞÞkp ¼ 0 if and
only if d1ðx11; 0Þ; . . . ; dm1 ;m2 ;...;mr ;n1 ;n2 ;...;nsðxm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns ;
0Þ are linearly dependent,
(ii) kðd1ðx11; 0Þ; . . . ; dm1 ;m2 ;...;mr ;n1 ;n2 ;...;nsðxm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns ; 0ÞÞkp
is invariant under permutation,
(iii) kðad1ðx11;0Þ; . . . ;dm1 ;m2 ;...;mp ;n1 ;n2 ;...;nqðxm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns ;0ÞÞkp
¼j a j kðd1ðx11;0Þ; . . . ;dnðxm1 ;m2 ;...;mp ;n1 ;n2 ;...;nq ;0ÞÞkp;a2 R
(iv) dp ðx11;y11Þ;ðx12;y12Þ;. . . ;ðxm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns ;ð ym1 ;m2 ;...;mr ;n1 ;n2 ;...;ns ÞÞ¼
dX ðx11;x12; . . . ;xm1 ;m2 ;...;mr ;n1 ;n2 ;...;nq Þpþ
	
dY ðy11;y12; . . . ; ym1 ;m2 ;...;mp ;n1 ;n2 ;...;ns ÞpÞ1=p
for 16p<1; (or)
(v) d ðx11; y11Þ; ðx12; y12Þ; . . . ; ðxm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns ;ð
ym1 ;m2 ;...;mr ;n1 ;n2 ;...;nsÞÞ :¼ sup dX ðx11; x12; . . . ;f
xm1 ;m2 ;...;mr ;n1 ;n2 ;...; nsÞ; dY ðy11; y12; . . . ; ym1 ;m2 ;...;mr ;n1 ;n2 ;...;nsÞg,
for x11; x12; . . . ; xm1 ;m2 ;...;mr ;n1 ;n2 ;...;ns 2 X ; y11; y12; . . . ;
ym1 ;m2 ;...;mr ;n1 ;n2 ;...;ns 2 Y is called the p product metric of
the Cartesian product of m1;m2; . . . ;mr; n1; n2; . . . ; ns
metric spaces is the p norm of the m n-vector of
the norms of the m1;m2; . . . ;mr; n1; n2; . . . ; ns subspaces.
A trivial example of p product metric of
m1;m2; . . . ;mr; n1; n2; . . . ; ns metric space is the p norm space
is X ¼ R equipped with the following Euclidean metric in the
product space is the p norm:where xi ¼ xi1; . . . ; xi;n1 ;n2 ;...;nsð Þ 2 Rn for each i ¼ 1; 2; . . . ;
m1;m2; . . . ;mr.
If every Cauchy sequence in X converges to some L 2 X,
then X is said to be complete with respect to the p metric.
Any complete p metric space is said to be p Banach metric
space.
By a lacunary sequence h ¼ mrnsð Þ, where m0n0 ¼ 0, we
shall mean an increasing sequence of non-negative integers
with hrs ¼ mrns mr1ns1 !1 as r; s!1. The intervals
determined by h will be denoted by Irs ¼ mr1ns1;mrnsð .
Let F ¼ fmnð Þ be a mn sequence of moduli musielak such
that limu!0þsupmnfmn uð Þ ¼ 0. Throughout this paper v2Auv con-
vergence of p metric of mn sequence of musielak modulus
function determinated by F will be denoted by fmn 2 F for
every m; n 2 N.
The purpose of this paper was to introduce and study a
concept of lacunary strong v2Auv convergence of p metric
with respect to a mn sequence of moduli musielak.
We now introduce the generalizations of lacunary strongly
v2Auv convergence of p metric with respect a mn sequence
of musielak modulus function and investigate some inclusion
relations.
Let A denote a sequence of the matrices
Auv ¼ am1 ;...;mrn1 ;...;nsk1 ;...;kr‘1 ;...;‘s uvð Þ
 
of complex numbers. We write for
l-Lacunary v2Auv -convergence of order a with p-metric 503any sequence x ¼ xmnð Þ; yij uvð Þ ¼ Auvij xð Þ ¼
P1
m1 ;...;mr
P
n1 ;...;
n1s a
m1 ;...;mrn1 ;...;ns
k1 ;...;kr‘1 ;...;‘s
uvð Þ
 
m1; . . . ; mr þ n1; . . . ; nsð Þ! j xm1 ;...;mrn1 ;...;ð
ns jÞ1=m1 ;...;mrþn1 ;...;ns if it exits for each i and uv. We
Auv xð Þ ¼ Auvij xð Þ
 
ij
; Ax ¼ Auv xð Þð Þuv.
Deﬁnition 2.1. Let l be a valued measure on NN and
F ¼ fijm1 ;...;mrn1 ;...;ns
 
be a mn sequence of moduli musielak, A
denote the sequence of four dimensional inﬁnite matrices of
complex numbers and X be locally convex Hausdorff topo-
logical linear space whose topology is determined by a set of
continuous semi norms g and X; k d x11; 0ð Þ; d x12; 0ð Þ;ðð
. . . ; d xm1 ;m2;...;mr1n1 ;n2;...;ns1 ; 0
	 
ÞkpÞ be a pmetric space,
q ¼ qij
 
be double analytic sequence of strictly positive real
numbers. By w2 p Xð Þ we denote the space of all sequences
deﬁned over
X; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1;m2;...;mr1n1 ;n2;...;ns1 ; 0
	 
	 
kp l.
In the present paper we deﬁne the following sequence spaces:
v2qgAfNah
; d x11ð Þ;d x12ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1ð Þð Þ
 
p
h il
¼ l limrs fij Nah xð Þ; d x11;0ð Þ;d x12;0ð Þ; . . . ;ð
		
d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð ÞÞ

p
iqij
P 
o
¼ 0; whereNah xð Þ
¼ 1
hars
X
i2Irs
X
j2Irs
g Auvij m1; . . . ;mrþn1; . . . ;nsð Þ! xm1 ;...;mrn1 ;...;ns
 	 
1=m1 ;...;mrþn1 ;...;ns   ;
uniformly in uv
K2qgAfNah
; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð Þð Þkp
h il
¼ l suprs fuv kNah xð Þ; d x11; 0ð Þ; d x12; 0ð Þ; . . . ;ð
		
xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð ÞÞkp
iqij
P k
o
¼ 0;
where e ¼
1 1    1
1 1    1
:
:
:
1 1    1
0
BBBBBBBB@
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:
The main aim of this paper was to introduce the idea of
summability of double lacunary sequence spaces in p metric
spaces using a two valued measure. We also make an effort to
study lof lacunary double sequences with respect to a
sequence of moduli Musielak in p metric spaces and two
valued measure l. We also plan to study some topological
properties and inclusion relation between these spaces.
3. Main resultsProposition 3.1. Let l be a two valued measure, v2qg
AfNah
; k
h
d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;m2;...;mr1n1;n2 ;...;
		
ns1; 0ÞÞkpl and
K2qg
AfNah
; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;
		h
m2; . . . ;mr1n1; n2; . . . ;
ns1; 0ÞÞkpl are linear spaces.
Proof. It is routine veriﬁcation. Therefore the proof is omitted.
h3.1. The inclusion relation between
v2qgAfNah
; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð Þð Þkp
h il
and
K2qgAfNah
; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð Þð Þkp
h il
Theorem 3.2. Let l be a two valued measure and A be a mn
sequence the four dimensional inﬁnite matrices
Auv ¼ am1;...;mrn1;...;nsk1;...;kr‘1;...;‘s uvð Þ
 
of complex numbers and F ¼ fijmn
	 

be a mn sequence of moduli musielak. If x ¼ xmnð Þ lacunary
strong Auv convergent of order a to zero then x ¼ xmnð Þ
lacunary strong Auv convergent of order a to zero with respect
to mn sequence of moduli musielak, (i.e.)
v2qgANah
;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
 v2qgAfNah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
:
Proof. Let F ¼ fijmn
	 

be a mn sequence of moduli musielak
and put supfijmn 1ð Þ ¼ T. Let x ¼ xmnð Þ 2 v2qgANah ; k d x11; 0ð Þ;ð
h
d x12; 0ð Þ; . . . ; d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð ÞÞkpl and  > 0. We
choose 0 < d < 1 such that fijmn uð Þ <  for every u with
0 6 u 6 d i; j 2 Nð Þ. We can write
v2qgAfNah
;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
¼ v2qgAfNah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
þ v2qgAfNah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
;
where the ﬁrst part is over 6 d and second part is over > d. By
deﬁnition of Musielak modulus fijmn for every ij, we have
v2qgAfNah
; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð Þð Þkp
h il
6 H2 þ 2Td1	 
H2 v2qgAfNah ; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ;ð
h
d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð ÞÞkp
il
:
Therefore
x ¼ xmnð Þ 2 v2qgAfNah ; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;ðð
h
m2; . . . ;mr1n1; n2; . . . ; ns1; 0ÞÞkpl.h
Theorem 3.3. Let l be a two valued measure and A be a mn
sequence of the four dimensional inﬁnite matrices
Auv ¼ am1 ;...;mrn1 ;...;nsk1 ;...;kr‘1 ;...;‘s uvð Þ
 
of complex numbers, q ¼ qij
	 

be a
mn sequence of positive real numbers with 0 < infqij ¼ H1
6 supqij ¼ H2 > 1 and F ¼ fijmn
	 

be a mn sequence of moduli
Musielak. If limu;v!1infij
fij uvð Þ
uv
> 0, then
504 M.R. Bivin et al.v2qgAfNah
;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
¼ v2qgANah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
:
Proof. If limu;v!1infij
fij uvð Þ
uv
> 0, then there exists a number
b > 0 such that fij uvð ÞP bu for all uP 0 and i; j 2 N. Let
x¼ xm1 ; . . . ;mrn1; . . . ;nsð Þ
2 v2qgAfNah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
:
Clearly
v2qgAfNah
;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
Pb v2qgANah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
:
Therefore
x¼ xm1 . . . ;mrn1 . . . ;nsð Þ
2 v2qgANah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
:
Using Theorem 3.3, the proof is complete. h
We now give an example to show that
v2qgAfNah
;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
– v2qgANah
;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
in the case when b ¼ 0. Consider A ¼ I, unit matrix, g xð Þ ¼
m1; . . . ;mr þ n1; . . . ; nsð Þ! j xm1 ;...;mrn1 ;ð . . . ; ns jÞ1=m1 ;...;mrþn1 ;...;ns ,
qij ¼ 1 for every i; j 2 N and fijmn xð Þ ¼
jxm1 ;...;mrn1 ;...;ns j
1= m1 ;...;mrþn1 ;...;nsð Þ iþ1ð Þ jþ1ð Þð Þ
m1 ;...;mrþn1 ;...;nsð Þ!ð Þ1=m1 ;...;mrþn1 ;...;ns
i; jP 1; x > 0ð Þ in the case
b > 0. Now we deﬁne xij ¼ hars if i; j ¼ mrns for some r; sP 1
and xij ¼ 0 otherwise. Then we have,
v2qgAfNah
; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð Þð Þkp
h il
! 1 as r; s!1
and so
x¼ xm1 ;...;mrn1 ;...;nsð Þ
R v2qgANah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il3.2. The inclusion relation between
v2qgAfNah
; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð Þð Þkp
h il
and
v2gASah
; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð Þð Þkp
h il
In this section we introduce natural relationship between l be
a two valued measure lacunary Auv statistical convergence of
order a and l be a two valued measure lacunary strongAuv convergence of order a with respect to mn sequence
of moduli Musielak.
Deﬁnition 3.4. Let l be a two valued measure and h be a
lacunary mn sequence. Then a mn sequence
x ¼ xm1;...;mrn1 ;...;ns
	 

is said to be l lacunary statistically
convergent of order a to a number zero if for every
 > 0; l limrs!1hars j Kh ð Þ j
	 
 ¼ 0, where j Kh ð Þ j denotes the
number of elements in
Kh ð Þ ¼ l i; j 2 Irs : m1; . . . ;mr þ n1; . . . ; nsð Þ!ðfð
j xm1 ;...;mrn1 ;...;ns  0 jÞ1=m1 ;...;mrþn1 ;...;ns P 
o
¼ 0:
The set of all lacunary statistical convergent of order a of mn
sequences is denoted by Sah
	 
l
.
Let l be a two valued measure and
Auv ¼ am1;...;mrn1;...;nsk1 ;...;kr‘1 ;...;‘s uvð Þ
 
be an four dimensional inﬁnite
matrix of complex numbers. Then a mn sequence
x ¼ xm1;...;mrn1 ;...;ns
	 

is said to be l lacunary A statistically
convergent of order a to a number zero if for every
 > 0; l limrs!1hars j KAh ð Þ j
	 
 ¼ 0, where j KAh ð Þ j denotes
the number of elements in
KAh ð Þ ¼ l i; j 2 Irs : m1; . . . ;mr þ n1; . . . ; nsð Þ! j xm1;...;mr
		
n1; . . . ; ns  0 jÞ1=m1;...;mrþn1;...;ns P gÞ ¼ 0. The set of all lacu-
nary A statistical convergent of order a of mn sequences is
denoted by Sah Að Þ
	 
l
.
Deﬁnition 3.5. Let l be a two valued measure and A be a mn
sequence of the four dimensional inﬁnite matrices
Auv ¼ am1 ;...;mrn1 ;...;nsk1 ;...;kr‘1 ;...;‘s uvð Þ
 
of complex numbers and let
q ¼ qij
	 

be a mn sequence of positive real numbers with
0 < infqij ¼ H1 6 supqij ¼ H2 < 1. Then a mn sequence
x ¼ xm1 ;...;mrn1 ;...;nsð Þ is said to be l lacunary Auv statistically
convergent of order a to a number zero if for every
 > 0; l limrs!1h
a
rs j KAhg ð Þ j
	 
 ¼ 0, where j KAhg ð Þ j denotes
the number of elements in
KAhg ð Þ ¼ l i; j 2 Irs : m1; . . . ;mr þ n1; . . . ; nsð Þ!ðfð
j xm1 ;...;mrn1 ;...;ns  0 jÞ1=m1 ;...;mrþn1 ;...;ns P 
o
¼ 0:
The set of all l lacunary Ag statistical convergent of order a
of mn sequences is denoted by Sah A; gð Þ
	 
l
.
The following theorems give the relations between
l lacunary Auv statistical convergence of order a and
l lacunary strong Auv convergence of order a with respect
to a mn sequence of moduli Musielak.
Theorem 3.6. Let l be a two valued measure and F ¼ fij
	 

be a
mn sequence of moduli Musielak. Then
v2qgAfNah
;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
# v2gASah
;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
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> 0; u > 0ð Þ.
Proof. Let  > 0 and
x¼ xm1 ;...;mrn1 ;...;nsð Þ
2 v2qgAfNah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
:
If l limij!1fij uð Þ
	 

> 0; u > 0ð Þ, then there exists a number
d > 0 such that fij ð Þ > d for u >  and i; j 2 N. Let
v2qgAfNah
; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð Þð Þkp
h il
P hars d
H1KAhg ð Þ:
It follows that
v2gAfSah
; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð Þð Þkp
h il
:
Conversely, suppose that l limij!1fij uð Þ
	 

> 0 does not
hold, then there is a number t > 0 such that
l limij!1fij tð Þ
	 
 ¼ 0. We can select a lacunary mn sequence
h ¼ m1; . . . ;mrn1; . . . ; nsð Þ such that fij tð Þ < 2rs for any
i > m1; . . . ;mr; j > n1; . . . ; ns. Let A ¼ I, unit matrix, deﬁne
the mn sequence x by putting xij ¼ t if
m1;m2; . . . ;mr1n1; n2; . . . ; ns1 < i; j
<
m1;m2; . . . ;mrn1; n2; . . . ; ns þm1;m2; . . . ;mr1n1; n2; . . . ; ns1
2
and xij ¼ 0 if
m1;m2; . . . ;mrn1; n2; . . . ; ns þm1;m2; . . . ;mr1n1; n2; . . . ; ns1
2
6 i; j 6 m1;m2; . . . ;mrn1; n2; . . . ; ns:
We have
x¼ xm1 ;...;mrn1 ;...;nsð Þ
2 v2qgAfNah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
but
x R v2gASah ;k d x11;0ð Þ;d x12;0ð Þ; .. .;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
: 
Theorem 3.7. Let l be a two valued measure and F ¼ fij
	 

be a
mn sequence of moduli Musielak. Then
v2qgAfNah
;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
 v2gASah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
if and only if l supusupijfij uð Þ
	 

< 1.
Proof. Let
x2 v2gASah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
:Suppose that h uð Þ ¼ supijfij uð Þ and h ¼ supuh uð Þ. Since
fij uð Þ 6 h for all i; j and u > 0, we have for all u; v,
v2gASah
; k d x11; 0ð Þ; d x12; 0ð Þ; . . . ; d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ; 0ð Þð Þkp
h il
6 hH2hars j KAhg ð Þ j þ j h ð ÞjH2 :
It follows from  ! 0 that
x 2 v2qgAfNah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
:
Conversely, suppose that l supusupijfij uð Þ
	 
 ¼ 1. Then we
have 0 < u11 <    < ur1s1 < urs <   , such that
fmrns ursð ÞP hars for r; sP 1. Let A ¼ I, unit matrix, deﬁne the
mn sequence x by putting xij ¼ urs if i; j ¼ m1m2; . . . ;
mrn1n2; . . . ; ns for some r; s ¼ 1; 2; . . . and xij ¼ 0 otherwise.
Then we have
x2 v2gASah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
but
x R v2qgAfNah ;k d x11;0ð Þ;d x12;0ð Þ; . . . ;d xm1 ;m2 ;...;mr1n1 ;n2 ;...;ns1 ;0ð Þð Þkp
h il
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